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One Observation on (n, m)—Semigroups

RADOSLAV GALIC AND ANITA KATIC

ABSTRACT. In this paper one Cupona—Trpenovski’s theorem about n—semigroups
with neutral element is generalized.

1. PRELIMINARIES

Definition 1 ([2]). Let n > m + 1 and let (Q; A) be an (n,m)—groupoid (A :
Q" — Q™). We say that (Q; A) is an (n,m)—group iff the following stetements
hold:

(i) For every i,j € {1,...,n—m+ 1}, i < j, the following law holds

Al A, a2y = Al AT, 2

[:< i,j > —associative law/l; and
(ii) For every i € {1,...,n—m+ 1} and for every a} € @ there is exactly one
z" € Q™ such that the following equality holds

i—1 _om n—m\ _ n
A(al y L1 5 Gy )_an—m—i-l'

Remark 1. For m =1 (Q; A) is an n—group. Cf. [5].
Definition 2. Let (Q; B) be a (2m, m)—groupoid and m > 2. Then:

1
() B el B; and

(B) For every s € N and for every m§5+2)m €Q
s+1 s+2)m. def s st 1)m s42)m
B (o™ & BB ™), 2 ).

Proposition 1. Let (Q; B) be a (2m,m)—semigroup, m > 2 and s € N. Then,
(s+2)m

for every x; € Q and for every t € {1,...,sm + 1} the following equality
holds

s+1 s

B (ai"™™) = Blai™ B "), Thn"):
Proof. See the proof in [6]. O
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By 1, 2 and by 1, we obtain:

Proposition 2 ([2]). Let (Q; B) be a (2m, m)—semigroup, m > 2 and (i,5) € N2.
Then, for every :ngﬂﬂ)m € Q and for allt € {1,...,im+1} the following equality
holds
i, i j . o
+i+1 _ t+(j+1)m—1 +j+1
B (a{™) = B(ai ™, B(ag U 2,
2. MAIN RESULTS

Theorem 1. Let (Q; A) be an (n,m)—semigroup, n =k -m, k > 3 and e* be an
element from the set Q™. Also, let for all z3™ € Q the following equalities hold:

(3) A@@™ ™!, e, wam) = A(a?™, ef')).

Then there is a (2m, m)—semigroup (Q; B) such that the following statements
hold

a) For all 7" € Q™ the following equality holds
Bz, el") = o7
b) For all 7' € Q™ the following equality holds
Blet", 21") = a7
c) For all 7' € Q™ the following equality holds
B(at",e") = B ', ef", zm);  and

d) For every x¥™ € Q the following equality holds

k—1
A(2i™) = B (a1™).

Remark 2. i) For m = 1 Theorem 1 is proved in [1]. Further on, for m =1
(3) is surplus. Cf. Chapter II-1 in [5].
ii) If (Q; B) is a (2m, m)—group, then e; = ... = e,,. Cf. [3]].

Sketch of the proof. Let

my def m _m
(o) B(ai™) = A(zi™, ef'])

for all 2™ € Q.
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1°ie{l,...,m}:

B(ay ™! B ), adl,,) =

© g(pi-1 i+2m—1 B2V am

- ( A( 61 )7 z+2m7a)

11 ) ) B k—2 k—2

= A(:EZl?A(xZi%m 17 671n axi+2m)7x?f2m+lvm) =
k—2 k—2

(3) i+2m _m m m
= A<m17A( z——::% 7a)7x?+2m+17a):

()
B( B($§i%m)7 ?—TQm—&—l)

2 k—
m m (
2° B(xl,el): xl,el,el Az, ef']) —acl

(0)
3° B(e71n7$71n) = elaxlva _331'

)_l

k-1
Alai™) = A(A(ZY™), ef']) =

k—2
= A($qn7 A(x:j@Th egn)’ m) =

= B(l’T,A(.%fnTl,eT)) =

k—1

= B(xgnvA(A(xfﬁﬁheT)vm)) =
2 k—2

= B(xT’A($3nrrjr17A 332m+17j et'))
2

= B(xTaB(xgﬁ—laA(xlgr:zn-i-l?m)) =

) 2
B(«T%m A($2m+17ﬂ)) =

—
=
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50
B ey "E B, al) =
©  m m 2
= Aer", 2] 7?‘) =
k-2
3
D A, a7, o ) =
go k=1 k;l?
= B(ef", 27", ', m)
a) k=3
3-1 . o ) o )
B (671n7x71n_ ,671”,xm) = B(e?%aB(ml a ,eT,xm)) = B(xl a a€71nvxm)
b) k>3
k—1 L k—2 1.4 | k=3 k=2
B (6T’I§nf 76? vxm) = B(egmB(leni , B (m)axm)) =
k—3 k=2 (B)2°

1<

B(l{nia B(W‘)?‘/L‘m)) = B(l{nilaegna$m)~
O

Theorem 2. Let (Q; B) be a (2m,m)—semigroup, m > 1, e{* be an element from
the set Q™ and let the following statements hold

(a) For all 1" € Q™ the following equality holds
B(al",e1") = ="
(b) For all z7* € Q™ the following equality holds
Bel",a7") = 1"
(c) For all z7* € Q™ the following equality holds
B(.%ﬂlﬂ—l, egn’ l'm) = x’in
(d) Also let
e def B=1
A@y™) = B (a{™)
for every :r:’fm € Q, where k > 3.
Then the following statements hold

1) (Q; A) is an (km, m)—semigroup; and
2) For all z3™ € Q equalities (1)—(3) from Theorem 1 hold in (Q; A).

Remark 3. Cf. Chapter II-1 in [5].
Sketch of the proof. °1 Proof of 1): By (d) and by 1.4.
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°2 A, o)) € B (], ) == B}, B (ef)) ¥
k—2 k—1 k—2
d b
°3 Afeft,att, ef)) 2 B (e, afr, eT]) "2 oty
°4
5 1 k—2 ()kfl 5 . k—2
A(xlm 7671n ame) = B (‘Tlm ; €7 7.’172m) —

1.4 k
= B(xl ) 727172_11’ j me =

= B(x] ,B(.T%lnlllvmea B (egn ) =

g

Proposition 3. Let (Q; B) be a (2m, m)—semigroup, m > 1, e* be an element
from the set Q™ and let for all " € Q™ the following equalities hold

@ Blep, o) = a7 and
(b) B(af' el") = ="

Then, for alli € {0,1,...,m} and for every z{* € Q™ the following equality holds
(@) Blat, el atfy) = o7

Remark 4. In [3] Proposition 3 is proved for (2m,m)—groups. See, also [4].

Sketch of the proof.
) @) .
B(leaegnaxm—l) = B(erinaB('ere;naxm-l)) =
L16) -, ,

= B(ellvB(eﬁlvxllvegn)ﬂxﬁl):
(b)
: (6717 ﬁ-l’xl’ z+1)
Blel", z1") =

—~
Q)
Nai2

o3 k=2
"B (el']) = e
iSee (c) from Theorem 2.
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